Abstract. A weakly nonlinear theory of an electrohydrodynamic jet held together by capillary forces is investigated. The evolution of two-dimensional wave packets on the surface of the jet is shown to be governed by a nonlinear Schrodinger equation. It is found that the wave train of constant amplitude is unstable against modulation. The instability sets in at higher wave numbers as compared to the case of an unelectrified jet.
1. Introduction. The stability of a liquid inviscid jet in the presence of electrostatic forces was investigated by Rayleigh [1] , He showed that electrostatic forces have a destabilizing influence and cause the amplification of nonaxisymmetric perturbations. Melcher [2] and Michael [3] have studied the stability of a circular jet projected along the axis of a cylinder raised to a fixed potential. Yuen [4] , Nayfeh [5] , and Kakutani et al. [6] reinvestigated this classical problem without an electric field by allowing for the weak nonlinearity of the wave amplitude. The experimental studies of the stability of a liquid jet have shown that Rayleigh's [1] linearized analysis is inadequate to explain the observations. (See Crane et al. [7] , Donnelly and Glaberson [8] , Chaudhary and Maxworthy [9] ). Malik and Singh [10] examined the break-up of an electrohydrodynamic jet, held together in equilibrium by capillary forces. It is shown that the jet breaks into main drops and satellites, whose sizes are sensitive to the applied electric field. Their analysis is valid for wave numbers k < kc, where kc is the linear cutoff wave number. The mechanism of growth of capillary instability of an electrohydrodynamic jet was used in fluid amplifiers by Pierce [11] . These experiments are reviewed in a monograph by Melcher [2] . In all these experiments aperiodic disturbances were observed. With a view to explain these disturbances, we remove the restriction of periodicity for traveling waves and take into account full amplitude modulations.
The study of nonlinear dispersive waves has received considerable attention in recent years (see Whitham [12] , Karpman [13] ). The aim of this paper is to investigate the asymptotic behavior of weakly nonlinear dispersive waves on the surface of an electrohydrodynamic jet by using the method of multiple scales so as to take into account modulation for progressive waves with wave numbers larger than the cutoff wave number and amplitude modulation of standing waves near the cutoff wave number. The evolution of the finite-amplitude wave packets on the surface of the jet is governed by a nonlinear Schrodinger equation which has a progressive wave train solution in terms of Jacobian elliptic functions. The wave train solution of constant amplitude is unstable against modulation and the instability sets in at a much higher wave number as compared to the case when the electric field is zero. This instability gives the possibility that a wave packet may spontaneously tend to form lumps, sometimes also called envelope solitons. The equation for amplitude modulation for standing waves can be described by a nonlinear Schrodinger equation with the role of time and space variables interchanged. The nonlinear cutoff wave number which separates the region of stability from instability is then obtained from this equation.
2. Formulation. We study two-dimensional finite amplitude wave propagation on the surface of a perfectly conducting, inviscid and incompressible jet of radius a. The jet is subjected to an electric field E0 at the surface of the undeformed jet. The motion ensues from rest and the flow field generated due to wave motion is assumed to be irrotational and axisymmetric. The basic equations governing velocity and electrostatic potentials are
where rj denotes the elevation of the free surface measured from the unperturbed level. All the various physical quantities are normalized by introducing dimensionless variables u2pa3/T, ciKEq/T and a. Here p, K, and T are density, the dielectric constant, and the surface tension of the fluid, respectively. The boundary conditions at the free surface r = 1 + ij(z, O are 97) 9J2 _ 912 9r) , . 9; + 3r 9z 3z 
and h represents the outward-drawn normal.
3. Perturbation scheme. To investigate the modulation of a weakly nonlinear quasimonochromatic wave with narrow bandwidth, we employ the derivative expansion method.
We now introduce the variables Z" = e"Z, tn = e"t (n = 0,1,2,
where e represents the strength of the nonlinearity. In order to describe the nonlinear interactions of small but finite amplitude of the waves, we expand 17, 12, and $ in the following asymptotic series:
V(Z,t)= £ E"rln(Z0,Z1,...,Zn-,t0,t1,...,tn) + O(eN+2),
n = 1 N+l a(Z,r,r)= E enan{Z0,Zu...,Znt0,tu...,tn,r) + 0(eN+2),
N+l <t>(Z, t, r) = E e»4>"{Z0,Zu...,Zn; t0,tlt...,tn,r) + 0{eN+1), 
where 9 = kZ0 -ut0.
The amplitude A is a function of the slower variables Zx, Z2; tv t2 and B1 is assumed to be a real constant and is independent of lower scales Z0, t0. For the above solutions to be nontrivial the frequency w and the wave number k must satisfy the dispersion relation
where
For long wavelengths (i.e., k -» 0), the above result reduces to Rayleigh's result. The jet is unstable for all perturbations which have wave number less than kc, where kc is determined by the transcendental equation
In Figure 1 , we have shown the variation of the linear cutoff wave number kc as a function of a. The value of kc increases with increase in a. Traveling wave solutions are possible for k > k,.. Since our aim is to investigate the amplitude modulation of progressive waves, we now proceed to the second and third-order problems. 4b) Second-order solutions. We now substitute the traveling wave solutions given by Eqs. (12)- (14) into the right-hand side of Eqs. (A.9)-(A.12) and get 
and
Here B2 and B3 are arbitrary constants. Furthermore, we assume that Z)(2w,2&)¥= 0. The case D(2w, 2k) = 0 corresponds to the second harmonic resonance.
5. Amplitude modulation of traveling waves for k > kc. In order to obtain the amplitude modulation for the traveling wave, we look into a third-order problem given by Eqs. (A.13)-(A.17). After some straightforward manipulations, the constant terms give the following nonsecularity condition for i)3:
with a* = (1 -a)"1, and C{Z2,t2) is a constant of integration to be determined by imposing suitable initial or boundary conditions. We impose the condition that there is no steady flow at infinity in the space of variable Zl5 implying that dB1/dZl = 0, A = A0 as Zj -> -oo.
This condition gives C(Z2, t2) = -q^A^A^. Equation (33) represents the induced steady flow along the axis of the jet due to nonlinearity. On using Eqs. (12)- (17) and (25) 
7! = ua*Vg(kp{k) -1) + k,
and d=a*[2ql+ Vgq5\.
Introducing the transformations £ = e-1(Z2 -K /2) = Z, -t = e2tv and = ylexp( -ijTR(r') dr'), he equilibrium solution of this equation represents a wave train which can be expressed in terms of Jacobian elliptic functions. The solitary waves, phase jump, and the progressive wave train of constant amplitude are special cases, (see Kakutani et al. [6] , Kant et al. [14] ). For the plane wave one can show that the band width of the spectrum is 0(e2) in wave number space and 0(e) in the frequency space for progressive waves. Also, such a solution is unstable against modulation if PQ < 0. This criterion, for a = 0, is satisfied for the wave numbers k > 1.28. The plot of the wave number kM at which the modulational instability sets in as a function of a is shown in Fig. 1 . It is interesting to note that this instability sets in at much higher wave numbers, when the external electric field is applied to the jet.
The physical mechanism of modulational instability can be described by using the wave kinetics approach due to Whitham [12] , For nonlinear waves, the phase velocity of the wave is proportional to its amplitude. If the waves are subjected to a long wavelength perturbation, then for Q > 0, the waves falling in the crest of the perturbation will move faster than the rest. This will lead to compression and energy concentration in front of the crest, thereby leading to an increase in the local wave number in this region. The group velocity represents the velocity with which energy is transported into the medium. Therefore, for P < 0, the energy concentrated in front of the crest will be preferentially deposited on the crest because of the wave number dependence of the group velocity, and this will lead to an instability. On the other hand, for P > 0, the energy will be transported into the depleted region behind the crest. Similarly for Q < 0, the instability occurs when P > 0.
The initial value problem for Eq. (47) can also be solved exactly by using an inverse scattering technique (see Zakharov and Shabat [15] ). It is found that if PQ > 0, any initial disturbance for A will disperse out, but if PQ < 0, soliton envelopes will emerge.
6. Amplitude modulation of standing waves. We now discuss the waves near k = kc and u = 0. The carrier wave is not a traveling wave but instead a standing wave. For this case the coefficients P and Q become singular as k approaches kc. The previous analysis needs modification.
The starting solutions of the first-order problem which we take here are:
Proceeding as before, we find the nonsecularity condition for the second-order perturbation dA/dZ1 = 0,
which implies that the amplitude A(Z1,Z2,t1,t2) is independent of the slower space variable Zv The uniformly valid solution of the second-order problem is: tj2 = a*^sxAA -j + s2A2exp{2iO) + c.c. 
Considering only the constant terms in the third-order problem, we get the following nonsecularity condition:
where C(Z2,?2) is an integration constant which may be determined by initial or boundary conditions. On invoking the boundary condition that there is no flow at infinity, we get
Proceeding as before, after some straightforward manipulations, the nonsecular condition for the third-order perturbation is given by 
The equilibrium solutions of (59) can be expressed in terms of the Jacobian elliptic functions. A solitary wave, the phase jump, and the wave train of constant amplitude can be obtained as special cases. We now consider the wave train solution of the form 
For to be imaginary, we require K < -Q\a012 if P < 0. Thus the nonlinear cutoff wave number is
where and kc represents the cutoff wave number predicted by the linear theory. The above relation reveals that the cutoff wave number kn depends upon the initial conditions and is amplitude dependent. We can recover the results of Kakutani et al. [6] on letting a = 0 and kc = 1. Furthermore, the nonlinearity changes the range of unstable wave numbers within the jet, and the bandwidth of the spectrum is of the order 0(e2) in the wave number space for the standing waves. We observe from Fig. 2 that the value of Ql first increases, then goes to zero and further decreases with the increase of a. The function is zero at a = 1.447. At this value of a the nonlinearity has no effect on the critical wave number.
7. Discussion. We have shown in this paper that the wave train solution of constant amplitude with greater wave number than the linear cutoff wave number kc is unstable against modulation on the surface of an electrohydrodynamic jet. The wave number kM at which the modulational instability sets in increases with the increase of the applied electric field. This instability will ultimately result in the appearence of a series of solitons (see Zakharov and Shabat [15] ). It is also demonstrated that there exists a critical value of a at which the nonlinearity has no effect on the critical wave number.
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